Two-segmented channel routing is a special case of segmented channel routing where each net connection is restricted to occupying two track segments at most. In order to achieve various performance measures in a design, such a restriction is sometimes necessary. Segmented channel routing problems come from the wiring of field programmable gate arrays (FPGAs) and are known to be NP-complete in the strong sense. However, whether the special case 2-segmented channel routing remains NP-complete in the strong sense or not has not been proved. In this paper, we show that the 2-segmented channel routing problem remains strongly NP-complete, and thus an efficient optimal algorithm for this special case of the segmented channel routing problem is unfortunately unlikely to exist. Our technique holds also for the case where connection lengths are bounded and settles an open question raised in Carnal et al. (1991 ) Li (1995 ), and Roychowdhury (1993 .
Introduction
have introduced a new channel routing problem, segmented channel routing, for the wiring of field programmable gate arrays (FPGAs) which is a new type of electrically programmable very large-scale integration (VLSI) technology.
In their paper, attempts have been made to show that segmented channel routing as well as 2-segmented channel routing are NP-complete in the strong sense. However, as indicated in [5] , the NP-complete proof is incomplete. In [5] , segmented channel routing and k-segmented channel routing for k 33 are shown to be strongly NP-complete, though the question of whether 2-segmented channel routing is strongly NP-complete or not remains open. In this paper, we shall answer this question by showing that 2-segmented channel routing is NP-complete in the strong sense. The reader is referred to [l, 2, 5, 81 for the discussions on what motivates the study of this problem, on how the wiring subtask of the physical design in FPGAs is modeled as a segmented channel routing problem, and on various algorithmic and complexity results of the problem. For related results on conventional channel routing problems the reader is referred to [7] for a more complete discussion. The complexity of the conventional channel routing problems has been studied in [4, 9, lo] .
In a segmented channel routing problem instance, we are given a set of net connections, R, and a set of segmented tracks, T. An instance of the problem is given in Fig. l(a) . In this example there are six net connections (YI-YG), two tracks (tl and tz), and ten columns (terminal positions). As illustrated in this example, each net connection always begins and ends at a column, and each track is generally segmented differently. A switch, a circle in the example, between two adjacent columns a and a + 1 segments the track such that it has one segment ending at a and another segment beginning at a + 1.
Given a segmented channel routing instance, R and T, its solution is an assignment which assigns each net connection, r, E R, to a unique track, t, E T. Initially, the set of track segments in each track is free. Connection ri can be assigned to ti iff each segment in t, that overlaps ri is free. Once ri is assigned to $ each segment in $ that overlaps r, is occupied and is no longer free. For instance, in Fig. l(a) if r4 is assigned to tl then segments ~12 and ~13 are occupied. This assignment makes it impossible to assign r3 to tl in the future (though r3 and r4 do not overlap) since segment ~12 which overlaps ~3 is not free anymore. Note that in conventional channel routing, r3 and r4 can always be assigned to the same track. A solution to the instance in Fig. l(a) is given in Fig. l(b) .
In the segmented channel routing problem, there is no limit to the number of track segments that a connection occupies. Motivated by different performance measures of a design, sometimes we have to impose a constraint on how many track segments a connection is allowed to take. A k-segmented channel routing problem is a special case of the segmented channel routing problem where each connection is allowed to occupy at most k track segments. For example, if the segmented channel routing instance in Fig. l(a) is considered a 2-segmented channel routing instance, then it does not have a solution. But if it is considered a 3-segmented channel routing instance or simply a segmented channel routing instance, then it has a solution as shown in Fig. l(b) .
It is not difficult to see that by limiting the number of track segments that a connection can use, we usually decrease the number of tracks that a connection can be assigned to, and therefore may make the problem easy to solve. In fact, the l-segmented channel routing problem can be solved in polynomial time [8] . For all k 33, however, k-segmented channel routing problems remain strongly NP-complete [5] . From both practical and theoretical viewpoints, it is important to know whether the complexity of 2-segmented channel routing is similar to that of 3-segmented or l-segmented channel routing. In this paper, we shall show that the complexity of 2-segmented channel routing is similar to that of 3-segmented channel routing and is strongly NP-complete. [al, bl] contains [a2, b2] iff al <a2 and b2 < bl. [az, b2] is also called a subinterval of [al, bl] . Let bo and bk be the beginning and ending of a track t. [a, b] is within t iff [bo, bk] contains [a, b] . In the remaining of the paper the terms segment and interval, and connection and interval are used interchangeably.
Definitions and preliminaries
A set of connections, R, is routable in a track, t, iff each connection in R is within t and no segment in t overlaps more than one connection in R. R is k-routable in t iff R is routable in t and no connection in R overlaps more than k segments in t.
We now define the 2-segmented channel routing problem. Input: A set of connections R, and a set of n segmented tracks tl, t2,. . , tn which have the same beginning and ending.
Output: "Yes" iff R can be partitioned into R1, R2, . . . , R, such that Ri is 2-routable in ti, I<i<n.
We shall now introduce a slightly more complex problem (P2) which can be polynomially reduced to (Pl). We shall later show that this new problem is NP-complete, thus proving the NP-completeness of (Pl). In fact this new problem may actually occur in some practical routing situations.
(P2): ZSegmented channel routing with variable tracks problem.
Input: A set of connections R, and a set of n tracks tl, t2,. . . , t,, which are allowed to have different beginnings and endings.
Output: Same as (PI).
Lemma 1. (P2) polynomiully reduces to (P 1).
Proof. Similar to that of Lemma 1 in [5] . •!
The construction
Our intention is to reduce a known NP-complete problem to (P2). We shall use the MONOTONE 3SAT problem known to be NP-complete in [3].
MONOTONE 3SAT (MONOTONE 3-satisfiability):
Input: A collection of m clauses Ci, Cz, . . . , C, over variables xi ,x2,. . . ,x,, such that each clause Ci, 1 <i < m, is the disjunction of exactly three literals. The literals in each clause are either all negated variables (complements) or all un-negated variables.
Output: "Yes" iff there is a truth assignment to the variables such that each clause is true (or satisfied). Without loss of generality, let us assume that the three literals in each clause are distinct. Note that if only two of the three literals are distinct, then the three-literal clause is equivalent to the two-literal clause which consists of the two distinct literals.
Note that C = (xi + xi) is satisfiable iff Cl = (xi + xj + yl ), CI = (xi + xj + y2), C's = (x, +x, + ys), and CJ = (7, + Y2 + Js) are satisfiable; and C = (Xi +Xj) is satisfiable iff Cr=(ni+Zj+yt), C2=(jE,+Xj+yz), Cs=(ni+Zj+js), and C~=((YI +~2+Y3) are satisfiable, where yt , ~2, and ys are three distinct new variables appearing only in C', .
CZ, C3, and Cd. Using this transformation on any MONOTONE 3SAT instance, X, in which each clause has at least two distinct literals, we can obtain another MONOTONE 3SAT instance, Y, in which each clause has three distinct literals, such that X is satisfiable iff Y is satisfiable. The case where only one literal is distinct in some of the clauses can be handled similarly. Hence, for any MONOTONE 3SAT instance, an equivalent MONOTONE 3SAT instance in which each clause has three distinct literals can be obtained in polynomial time.
Without loss of generality, let us assume that the first ml clauses Cl, Cz,. , C,, have un-negated variables, and the last m2 (m2 = m -m 1) clauses have negated variables. Furthermore, we assume ml,m2 >O, because MONOTONE 3SAT instances can be trivially solved if either ml = 0 or m2 = 0. We also assume each variable or its complement appears in at least one clause.
Overview of the construction
For each variable xi, a set of two tracks, T,!, and a set of 2(m + 2) + 2f, (,f; is the number of occurrences of xi and Xi in the set of clauses) connections, R,,, are introduced. For each clause Cj, a set of three tracks u,,J, u,,~, and Uj,s, and a set of seven connections Yj,l, Yj.2, Yj,3, Yj,4, Yj,S, Yj,6, and lj are introduced. So there are a total of 2n + 3m tracks, and 2n(m + 2) + 6m + 7m connections. Let Tii, 1 <i dn, be a partition of the set of clause tracks where uj,k E 7; if x, or Xi is the kth literal in C,, and Ri, 1 <idn, be a partition of the set, {yi,j / 1 d j<m, 1 < 2<6}, where yj,2k_l, y$Jk E Ri if x, or 2, is the kth literal in Cj.
In our construction, a truth assignment for variable xi will be encoded by a set of tracks, T,, U Ti, and a set of connections, R, U Ri. A correspondence between the two truth assignments of Xi and the ways in which R, U Ri is 2-routed in c, U T, can be established. So depending on how R, U R, is 2-routed in T,, U Ti, two possible truth values of xi can be interpreted. The variable tracks can be viewed as being divided into m disjoint regions with each region corresponding to a clause. Region j contains the three tracks and the seven connections associated with C,. The routing instance is designed in such a way that a truth assignment of variables can be propagated consistently between regions, and a literal xi (Xi) in Cj is true iff the clause connection of lj can be assigned to the second track of T,,.
Details of the construction
The reader is referred to [6] for the precise description of the construction and the complete proof of this reduction. An example. An example of the construction (Construction 1 in [6] ) is given in Fig. 2 .
We hope that the reader is able to see the main ideas in the construction as well as the reduction proof by examining this example.
In the example, the three regions corresponding to the three clauses are from 15 to 29 (region I), from 29 to 43 (region 2), and from 43 to 57 (region 3). The three short tracks in each region are for the corresponding clause (Uj.1, Z.Q, u,,i for Cj in the overview). The top-most two long tracks are for variable xi, the next two long tracks for x2, and so on. Connections x and X whose leading index is i correspond to connections in R, (i.e. connections associated with variable x, in the overview).
Note that when connections x1,0, x1,1.1, x1,1,2, x1,2,1, x1,2,2, x1.3.1, x1,3,2, and x1.4 (refer to Fig. 2) are assigned to the second track, and X1,0, X1,1,1, X1,1,2, X1,2,1, X1,2,2, X1,3.1, X1,3,2, and _?i.4 are assigned to the first track, the truth assignment sets XI to false. In this case, f~ can be assigned to the second track of XI (11 and 12 cannot be assigned to the second track).
Note also that connections x4,1 and X4,) cannot be assigned to any other tracks (they will take more than two segments) except for the last two tracks, which correspond to x4. Additional properties of the construction may be observed from the example and will not be listed here. The reader is referred to Lemmas in [6] for those properties. We shall summarize the main results of the paper in the following Theorems (their proofs are given in [6] 
Conclusions
We have shown that the 2-segmented channel routing problem is strongly NP-complete and presented a first complete proof of the Theorem 2 in [8] . We have also solved one of the open problems raised in [2, 5, 81 . That is, that the 2-segmented channel routing problem remains strongly NP-complete even if the length of each connection is bounded. KN. LilDiscrete Applied Mathematics 78 (1997) 291-298 There are a number of questions that remain to be answered. For instance, effective heuristic algorithms or approximation algorithms need to be developed for the segmented channel routing problem and the 2-segmented channel routing problem. We hope to answer these questions in our future research and further investigation.
